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Riemann Brown
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. , $\mathrm{R}$ $p$ $\mathrm{Q}_{p}$
, $p$ Selberg , $\mathrm{h}/\mathrm{I}\mathrm{a}\mathrm{r}\mathrm{k}\mathrm{o}\mathrm{v}$
, $p$ . ,
, , Riemann ( )
.
2 $p$
$p\neq 2$ , $\mathrm{Q}_{p}$ $p-1$ , $\in$ .
$\epsilon$ $\mathrm{Q}_{p}$ , $\mathrm{Q}_{p}$ $\sqrt{\epsilon}$
2 $K:=\mathrm{Q}_{p}(\sqrt{\epsilon})$ .
, $\mathrm{Q}_{p}$ $y$ $K$ $a+\sqrt{\epsilon}b,$ $a,$ $b\in \mathrm{Q}_{p)}$ $y=(a+$
$\sqrt{\epsilon}b)(a-\sqrt{\epsilon}b)$ positive , (2 ) $p$
$H$
$H:=$ { $x+\sqrt{\epsilon}y$ ; $x,$ $y\in \mathrm{Q}_{p},$ $y$ positive}\subset K
. $G:=SL(2, \mathrm{Q}_{p})/\pm I$ $H$




, $H$ $G$ homogeneous space . $x+\sqrt{\epsilon}y\in H$
$||x+ \sqrt{\epsilon}y||:=\max\{|x|_{p}, |y|_{p}\}$ ,
$d(z, w):= \cosh^{-1}(1+\frac{||z-w||^{2}}{2|y_{z}|_{p}|y_{w}|_{p}})$ , $z=x_{z}$ $\sqrt{\epsilon}y_{z},$ $w=x_{w}+\sqrt{\epsilon}y_{w}\in H$,
$d$ $H$ $G$ ,
Range(d) $\{r_{n}\}_{n6\mathrm{Z}\cup\{-\infty\}}$ , , $r_{-\infty}:=0,$ $n\in \mathrm{Z}$
$r\text{ }=\psi^{-1}$ $(p^{2n}),$ $\psi(r):=\exp(r)+\exp(-r)-2$ , . , $H$ $G$
$\mu$ .
$G$ $\Gamma$ , ,
. , $\Gamma$ $G$ . $\gamma\in\Gamma$ ,
$\gamma=g_{\gamma}^{-1}(\begin{array}{ll}a_{\gamma} 00 a_{\gamma}^{-1}\end{array})g_{\gamma},$ $g_{\gamma}\in G,$ $a_{\gamma}\in \mathrm{Q}_{p}$ , , $(p-1)/2$ h
$b_{\gamma}\in \mathrm{Q}_{p},$ $|b_{\gamma}|_{p}>1$ , , $\gamma$ $\Gamma$
$\Gamma_{\gamma}=\{g_{\gamma}^{-1}(\epsilon_{0}^{kh_{\gamma}}b_{\gamma}^{n}\epsilon^{-kh_{\gamma}}b_{\gamma}^{-n}0)g_{\gamma}$ ; $0 \leq k\leq\frac{p-1}{2h_{\gamma}}-1,$ $n\in \mathrm{Z}\}$
. $h_{\gamma}$ $\gamma$ , $b_{\gamma}\in \mathrm{Q}_{p}$
, $|b_{\gamma}|_{p}=:p^{?\gamma},$ $j_{\gamma}\in \mathrm{N}$ , $\gamma$
.
$H$ $\mathcal{F}$ , $\Gamma$ ;
$\gamma \mathcal{F}\cap\overline{\mathcal{F}}=\phi$, $\forall\gamma\subseteq-\Gamma,$ $\gamma\neq I$ ,
$\bigcup_{\gamma\in\Gamma}\gamma\overline{\mathcal{F}}=H$,
, $\overline{\mathcal{F}}$ $\mathcal{F}$ .
Proposition 1 $\Gamma\subset G$ ,
$r_{-1}$
$B_{i}^{(-1)},$ $\mathrm{i}=1,2,$
$\ldots$ , $\mathcal{F}=\bigcup_{i}B_{i}^{(-1)}$ ( ) $\Gamma$
.
$\Gamma$ \gamma $\gamma_{0}=\gamma^{m},$ $\exists\gamma\in\Gamma,$ $\exists m\geq 2$ , , primi-
tive . primitive 2 \gamma $\gamma_{0}’$
torsion , , $\gamma_{0}\sim\gamma_{0}’$
. primitive $\gamma_{0}\in\Gamma$ , $L( \gamma_{0}):=\inf_{z\in H}d(z, \gamma_{0}z)$ $\gamma 0$
, $L(\gamma_{0})=\psi^{-1}(l(\gamma_{0})),$ $l(\gamma_{0})\in p^{2\mathrm{z}_{+}}$ ,




, $\sum_{n\geq 0}p^{2n}f(r_{n})<+\infty$ ,
44
. , $k(z, w):= \sum_{\gamma\in\Gamma}f(d(z, \gamma w))$ ,
$z,$ $w\in \mathcal{F}$ , $\mathcal{F}\cross \mathcal{F}$ , . $k$ $\mathcal{F}$
Hilbert-Schmidt
$T \xi(\cdot):=\int_{\mathcal{F}}\xi(w)k(\cdot, w)\mu(dw)$ , $\xi\in L^{2}(\mathcal{F}, \mu)$ ,
, .
Theorem 2 ( ) $\Gamma$ $\mathcal{F}$
, Hilbert-Schmidt $T$ ,




, $T$ , 2
$\Gamma$ torsion , 3 1 primitive
$\sim$ .
3
$S$ $X_{t},$ $t\in[0, +\infty)$ , $0\leq s_{1}<s_{2}<$
$\ldots<s_{n}<t,$ $S$ $B,$ $x_{1},x_{2},$ $\ldots,$ $x_{n}\in S$
$P(X_{t}\in B|X_{s_{1}}=x_{1}, X_{s_{2}}=x_{2}, \ldots, X_{s_{n}}=x_{n})=P(X_{t}\in B|X_{s_{n}}=x_{n})$
, Markov . , $P(E_{1}|E_{2})$ $E_{2}$
$E_{1}$ . , $s,$ $t\geq 0,$ $S$ $B$ ,
$x\in S$
$P(X_{t+s}\in B|X_{s}=x)=P(X_{t}\in B|X_{0}=x)=:P_{t}(x, B)$
, $X_{t}$ .
$X_{t}$ $H$ Markov . , $t\geq 0$
$X_{\mathrm{t}}$ $T_{t} \phi():=\int_{H}\phi(y)P_{t}(\cdot, dy)$ , $\{T_{t}\}_{t\geq 0}$
$T_{\mathrm{f}}T_{s}=T_{t+s},$ $\lim_{tarrow 0}T_{t}=\mathrm{i}\mathrm{d}$ , , $A$ , $T_{t}=\mathrm{e}^{-tA}$ ,
.
, $H$ Markov .
45
Proposition 3 $\mathrm{Z}$ $\{c(n)\}_{n\in \mathrm{Z}}$ $\sum_{n\geq 0}c(n)<$
$\infty$ , $H$ Markov
,
$-A \phi(\cdot)=\int_{H}(\phi(w)-\phi(\cdot))\rho(d(\cdot, w))\mu(dw)$ ,
$p(r_{n}):=(1-p^{-1})p^{-2n}c(n)$ , .
$z\in H$ $P_{t}(z, \cdot)$ $\mu$ ,
$P_{t}(z, dw)=p_{t}(z, w)\mu(dw)7$ , $p_{t}$ 2
$p_{t}(z, w)=f_{t}(d(z, w))$ .
, $\Gamma$ $\mathcal{F}$ $G$
. $\{c(n)\}_{n\in \mathrm{Z}}$ $H$
Markov $X_{t}$ , $P_{t}$ ,
$\tilde{P}_{i}(z, B):=\sum_{\gamma\in\Gamma}P_{t}(z, \gamma B)$
, $z\in \mathcal{F},$ $B$ $\mathcal{F}$ ,
$\mathcal{F}$ Markov . $\tilde{P}_{t}$
$\mu$
$\overline{p}_{t}(z, w)=\sum_{\gamma\in\Gamma}p_{t}(z, \gamma w)$ ,
$\tilde{T}_{\dot{\tau}}\xi(\cdot)=\mathrm{e}^{-t\tilde{A}}\xi(\cdot)=\oint_{F}\tilde{p}_{t}(\cdot, w)\xi(w)\mu(dw)$
Theorem 2( ) Hilbert-Schmidt $\text{ }$ .
$\tilde{T}_{t}$ , , $\tilde{A}$
.
$l$ , $H$ $r_{l}$ $\mathcal{F}$
$d_{l}$ . , $\mathcal{F}$
, $d_{l}$ . $r_{0}$ $\mathcal{F}$
$B_{1}^{(0)},$ $B_{22}^{(0)}\ldots,$ $B_{d_{0}}^{(0)}$ , $x_{1},$ $x_{2},$ $\ldots$ , xd .
$j=1,2,$ $\ldots,$ $d_{0}$ , $B_{j}^{(0)}\cap \mathcal{F}$ 1
$M_{j}$ ? $\mathrm{i},$ $j=1,2,$ $\ldots$ } $d_{0}$
$q_{ij}:=M_{j}( \sum_{n=0}^{\infty}p^{-2(n+1)}\beta\{\gamma\in\Gamma ; d(x_{i}, \gamma x_{j})=r_{n}\}c(n)+p^{-2}c(0)\delta_{ij})$
, $d_{0}\rangle\langle$ $d_{0}$ Q=(qij)l<i,j<d $\beta_{1},$ $\beta_{2},$ $\ldots,$ $\beta_{d_{0}}$
. $q_{ij}$ Markov $\{c(n)\}$ ,
$Q$ , $\beta_{k}$ $\Gamma\subset G$ Markov $X_{t}$
,
48
Proposition 4 $\sigma_{l},$ $l\leq-1$ , $\theta_{k},$ $1\leq k\leq d_{0}$ ,
; $l$
$\sigma_{l}.---p^{-1}c(0)+c(l+1)+(1-p^{-2})\sum_{n=l+2}^{\infty}c(n)$ ,
$d_{l}-d_{l+1}$ . $1\leq k\leq d_{0}$
$\theta_{k}:=-\beta_{k}+(1-p^{-1})c(0)+(1-p^{-2})\sum_{n=1}^{\infty}c(n)$ .
, , Proposition 3
$p_{t}$ . , $p_{t}$ ,
Laplace .
(-\check ca\emptyset se\neq l –\forall f\breve rnlx$\geq 1\ovalbox{\tt\small REJECT}_{\tilde{-}}\mathrm{x}_{\backslash }+\text{ ^{}\backslash }Tc(n)--p_{t}(z,w)=f_{t}(d(z,w))\mathrm{B}\backslash \mathrm{E}\backslash ^{\backslash }=0\text{ }\ovalbox{\tt\small REJECT}_{\square }^{\mathrm{A}}\exists \text{ }$ , Proposition
4 $\tilde{A}$ , .
$\sum_{l\leq-1}(d_{l}-d_{I+1})\mathrm{e}^{-t\sigma_{l}}+\sum_{k=1}^{d_{\mathrm{t}\}}}\mathrm{e}^{-t\theta_{k}}$
$= \mu(\mathcal{F})((1-p^{-1})^{2}(1+p^{-1})\sum_{l\leq-2}p^{-2l}\mathrm{e}^{-t\sigma_{l}}+(p^{2}-p-1)\mathrm{e}^{-t\sigma-1}+1)$
$+2(p-1)^{-1}$ $\sum$ $h_{\gamma}j_{\gamma}(1-\mathrm{e}^{-t\sigma_{-1}})$ .
$\{\gamma\}:\mathrm{t}\mathrm{o}\mathrm{r}\mathrm{s}\mathrm{i}\mathrm{o}\mathrm{n}$
, 3 0 ,




(-\check ca\emptyset se\pm 2 $.’ \frac{}\mathrm{C}(0)=0,c(1)--1,\forall n\geq 2l_{\vee}^{}\mathrm{x}_{\iota}\neq \text{ ^{}-}Tc(n)--0,\text{ }\pm\ovalbox{\tt\small REJECT}_{\mathrm{n}}^{\mathrm{A}}}{l^{\mathrm{r}}\mathrm{V}3\mathrm{i},\overline{\tau \mathrm{B}}/\mathrm{x}\yen 5\ovalbox{\tt\small REJECT} \text{ }p_{t}(z,w)=f_{t}(d(z,w))\text{ }\mathrm{F}\{\Phi W//\mathrm{a}\mathrm{e}\Leftrightarrow_{\backslash }^{8}\text{ }$,
, Laplace




$= \pi_{-\infty}(\alpha)\mu(\mathcal{F})+\frac{2}{p-1}$ $\sum$ $h_{\gamma}j_{\gamma}( \pi_{0}(\alpha)+(1-p^{-1})\sum_{n=1}^{\infty}p^{n}\pi_{n}(\alpha))$
$\{\gamma\}:\mathrm{t}\mathrm{o}\mathrm{r}\mathrm{s}\mathrm{i}\mathrm{o}\mathrm{n}$
$+ \sum_{[\gamma 0]:\mathrm{p}\mathrm{r}\mathrm{i}\mathrm{m}\mathrm{i}\mathrm{t}\mathrm{i}\mathrm{v}\mathrm{e}}\sum_{m=1}^{\infty}\frac{\log_{p}l(\gamma_{0})}{2}(\pi_{mj_{\gamma_{0}}}(\alpha)+(1-p^{-1})\sum_{n=1}^{\infty}p^{n}\pi_{mj_{\gamma_{0}}+n}(\alpha))$
. , torsion 2 ,
3 .
(case 1) (case 2) ,
. $Q$ , $d_{0}\cross d_{0}$ $P=(p_{ij})_{1\leq i,j\leq d_{0}}$
.
$p_{ij}:= \frac{M_{j}}{p(p-1)(p+1)^{2}}\#\{\gamma\in\Gamma ; d(x_{i}, \gamma x_{j})=r_{1}\}+(p+1)^{-1}\delta_{ij}$ .
$p_{ij}$ Markov $\{c(n)\}$ ,
$P$ $\Gamma$ . $p_{ij}\geq 0$ , $\mathrm{i}$
$\sum_{1\leq j\leq d_{0}}p_{ij}=1$ , $P$ $\{B_{i}^{(0)}\}_{1<i<d_{0}}$ Markov




$G(s):= \sum_{k=1}^{d_{0}}\frac{(p^{-1}-s)(p^{-1}+s)}{s^{2}+(-(1+p^{-1})^{2}\delta_{k}+2p^{-1})s+p^{-2}}+\frac{p^{-1}d_{-1}s}{1-s}-d_{0}$, $s\in \mathrm{C}$ ,
. (case 1), (case 2) torsion
, ,
$G(s)$ $=$ $\sum_{N=1}^{\infty}N\#$ { $[\gamma_{0}]$ : torsion ; $l(\gamma_{0})=p^{2N}$ } $\frac{s^{N}}{1-s^{N}}$
$=$ $\sum_{r=1}^{\infty}\sum_{N|r}N\#$ { $[\gamma_{0}]$ : torsron ; $l(\gamma_{0})=p^{2N}$ } $s^{r}$
. , $\rho(r).--\sum_{N|r}N\#$ { $[\gamma_{0}]$ : torsion ; $l(\gamma_{0})=p^{2N}$ }
$G(s)$ ,
$\rho(r)=\frac{1}{2\pi\sqrt{-1}}\int_{C}\frac{G(s)}{s^{r+1}}ds$ , $r\geq 1$ ,
48
. , $C$ , $G(s)$
. M\"obius ,
.
Theorem 5 ( )
$\#$ { $[\gamma_{0}]$ : torsion; $l(\gamma_{0})=p^{2N}$ } $= \frac{1}{2\pi\sqrt{-1}N}\sum_{k|N}m(\frac{N}{k})\int_{C}\frac{G(s)}{s^{k+1}}ds$ , $N\geq 1$ .
, $m(n),$ $n\in \mathrm{Z}$ , M\"obius
$m(n):=\{$
1, if $n=1$ ,
0, if $q^{2}|n,$ $\exists q$ : ,






$\#$ { $[\gamma_{0}]$ : torsion ; $l(\gamma_{0})=p^{2N}$ } $\sim N^{-1}p^{2N}(h_{1}+(-1)^{N}h_{2})$ , $Narrow\infty$ .
, $h_{1}$ $P$ 1 , , $P$ $-(p- \mathrm{T}^{\mathfrak{l}_{-}}$
$1)^{-2}(p-1)^{2}$ $h_{2}$ , $h_{2}=0$
.






$:= \prod_{[\gamma 0]:\mathrm{p}\mathrm{r}\mathrm{i}_{\mathrm{I}}\mathrm{n}\mathrm{i}\mathrm{t}\mathrm{i}\mathrm{v}\mathrm{e}}(1-u^{\log_{p}l(\gamma 0)})^{-1}$
. , $\Gamma$ torsion-free




$Z_{\Gamma}(u)$ $= \exp(\sum_{m\geq 1}\frac{u^{2m}}{2\pi\sqrt{-1}m}\oint_{C}\frac{G(s)}{s^{m+1}}ds)$
$=$ $(1-u^{2})^{-p^{-1}d_{-1}}\det(I+u^{2}R+u^{4}p^{2}I^{1^{-1}},$ .
, $R$ $R:=-(p+1)^{2}P+2pI$ $d_{0}\cross d_{0}$ .
, .





$s\in \mathrm{C}$ . $Z_{\Gamma}$ , ,
Riemann :
(R) $Z_{\Gamma}(p^{-}’)$ $-1=0$ ${\rm Re} s\in(0,1)$ , ${\rm Re} s=1/2$ .
Corollary 7 , .
Proposition 9 (R) ;
$P$ $\delta_{k}$ , $\delta_{k}\neq 1,$ $-(p+1)^{-2}(p-1)^{2}$
$0\leq\delta_{k}\leq 4p(p+1)^{-2}$ .
, $\Gamma$ torsion-free . $Z_{\Gamma}$ $(p+1)-$
$X$ , $X$ $A$
$Z_{\Gamma}(u)^{-1}=(1-u^{2})^{n(p-1)/2} \prod_{l=1}^{n}(pu^{2}-\theta_{l}u+1)$ ,





$n=2d_{0},$ $\delta_{k}\geq 0,$ $\{\theta_{l}\}_{1\leq l\leq n}=\{\pm(p+1)\sqrt{\delta_{k}}\}_{1\leq k\leq d_{0}}$,
. , $X$ bipartite . ,
$*_{\mathrm{f}}\mathrm{r}\kappa^{\Xi_{\backslash }}\mathrm{B}$




$l\exists \mathrm{i}_{\mathrm{E}}^{\mathrm{B}}$, ( ) $\nu_{0}$ ,
$||P^{n}\nu_{0}-1/d_{0}||_{L^{2}}=O((4p/(p+1)^{2})^{n})$ , $narrow\infty$ .
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